
Quantified Boolean Formulas
Friedrich Slivovsky

1

Indian SAT+SMT School 2024



Limits of SAT

2



Limits of SAT

I

2



Limits of SAT

I O

2



Limits of SAT

I
C

O

2



Limits of SAT

I
C

O?

2



Limits of SAT

I

φ(I, C, O)

C
O?

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1
?

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1

Cτ1

?

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1

Cτ1

?
Oτ1

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1

SAT encoding
Cτ1

?
Oτ1

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1

SAT encoding
Cτ1

φ(τ1, Cτ1, Oτ1)

?
Oτ1

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1

SAT encoding

τ2

Cτ1

φ(τ1, Cτ1, Oτ1)

?
Oτ1

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1

SAT encoding

τ2

Cτ1 Cτ2

φ(τ1, Cτ1, Oτ1)

?
Oτ1

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1

SAT encoding

τ2

Cτ1 Cτ2

φ(τ1, Cτ1, Oτ1)

?
Oτ1

Oτ2

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1

SAT encoding

τ2

Cτ1 Cτ2

φ(τ1, Cτ1, Oτ1)
∧

?
Oτ1

Oτ2

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1

SAT encoding

τ2

Cτ1 Cτ2

φ(τ1, Cτ1, Oτ1)

φ(τ2, Cτ2, Oτ2)
∧

?
Oτ1

Oτ2

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1

SAT encoding

τ2
τ3

Cτ1 Cτ2

φ(τ1, Cτ1, Oτ1)

φ(τ2, Cτ2, Oτ2)
∧

?
Oτ1

Oτ2

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1

SAT encoding

τ2
τ3

Cτ1 Cτ2 Cτ3

φ(τ1, Cτ1, Oτ1)

φ(τ2, Cτ2, Oτ2)
∧

?
Oτ1

Oτ2

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1

SAT encoding

τ2
τ3

Cτ1 Cτ2 Cτ3

φ(τ1, Cτ1, Oτ1)

φ(τ2, Cτ2, Oτ2)
∧

?
Oτ1

Oτ2

Oτ3

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1

SAT encoding

τ2
τ3

Cτ1 Cτ2 Cτ3

φ(τ1, Cτ1, Oτ1)

φ(τ2, Cτ2, Oτ2)
∧

∧
?

Oτ1

Oτ2

Oτ3

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1

SAT encoding

τ2

…
τ3

Cτ1 Cτ2 Cτ3

φ(τ1, Cτ1, Oτ1)

φ(τ2, Cτ2, Oτ2)

φ(τ3, Cτ3, Oτ3)

∧

∧
?

Oτ1

Oτ2

Oτ3

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1

SAT encoding

τ2

…
τ3

Cτ1 Cτ2 Cτ3

φ(τ1, Cτ1, Oτ1)

φ(τ2, Cτ2, Oτ2)

φ(τ3, Cτ3, Oτ3)

∧

∧

∧

…

…

?
Oτ1

Oτ2

Oτ3

…

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1

SAT encoding

τ2

…
τ3

Cτ1 Cτ2 Cτ3

φ(τ1, Cτ1, Oτ1)

φ(τ2, Cτ2, Oτ2)

φ(τ3, Cτ3, Oτ3)

 copies!2|I|

∧

∧

∧

…

…

?
Oτ1

Oτ2

Oτ3

…

2



Limits of SAT

I

φ(I, C, O)

C
O

τ1

SAT encoding

τ2

…
τ3

Cτ1 Cτ2 Cτ3

φ(τ1, Cτ1, Oτ1)

φ(τ2, Cτ2, Oτ2)

φ(τ3, Cτ3, Oτ3)

 copies!2|I|

∧

∧

∧

…

…

∀I∃C, O

?
Oτ1

Oτ2

Oτ3

…

2



Logics for Automated Reasoning

Propositional Logic



Logics for Automated Reasoning
Su

cc
in

ct
ne

ss

Propositional Logic



Logics for Automated Reasoning
Su

cc
in

ct
ne

ss

Propositional Logic

First-Order Logic



Logics for Automated Reasoning
Su

cc
in

ct
ne

ss

Propositional Logic

First-Order Logic

Efficient Reasoning



Logics for Automated Reasoning
Su

cc
in

ct
ne

ss

Propositional Logic

First-Order Logic

Efficient Reasoning



Logics for Automated Reasoning
Su

cc
in

ct
ne

ss

Propositional Logic

First-Order Logic

Efficient Reasoning



Logics for Automated Reasoning
Su

cc
in

ct
ne

ss

Propositional Logic

First-Order Logic

Efficient Reasoning

NP



Logics for Automated Reasoning
Su

cc
in

ct
ne

ss

Propositional Logic

First-Order Logic

Efficient Reasoning

NP

Undecidable



Logics for Automated Reasoning
Su

cc
in

ct
ne

ss

Propositional Logic

First-Order Logic

Efficient Reasoning

Quantified Boolean Formulas

NP

Undecidable



Logics for Automated Reasoning
Su

cc
in

ct
ne

ss

Propositional Logic

First-Order Logic

Efficient Reasoning

Quantified Boolean Formulas

NP

PSPACE

Undecidable



Logics for Automated Reasoning
Su

cc
in

ct
ne

ss

Propositional Logic

First-Order Logic

Efficient Reasoning

Quantified Boolean Formulas

NP

PSPACE

Undecidable



Logics for Automated Reasoning
Su

cc
in

ct
ne

ss

Propositional Logic

First-Order Logic

Efficient Reasoning

Quantified Boolean Formulas

NP

PSPACE

Undecidable



Syntax, Semantics, Complexity



Syntax

5



Syntax
QBF ::=

5



Syntax
QBF ::=

5

<Propositional Variable>



Syntax
QBF ::=

5

<Propositional Variable> |



Syntax
QBF ::=

5

<Propositional Variable>
<QBF>¬

|



Syntax
QBF ::=

5

<Propositional Variable>
<QBF>¬

|
|



Syntax
QBF ::=

5

<Propositional Variable>
<QBF>¬

|
| (<QBF>  <QBF>)∨



Syntax
QBF ::=

5

<Propositional Variable>
<QBF>¬

|
| (<QBF>  <QBF>)∨ |



Syntax
QBF ::=

5

<Propositional Variable>
<QBF>¬

|
| (<QBF>  <QBF>)∨ | (<QBF>  <QBF>)∧



Syntax
QBF ::=

5

<Propositional Variable>
<QBF>¬

|
| (<QBF>  <QBF>)∨ | (<QBF>  <QBF>)∧ |



Syntax
QBF ::=

5

<Propositional Variable>
<QBF>¬

|
| (<QBF>  <QBF>)∨ |

( <Propositional Variable><QBF>)∃
(<QBF>  <QBF>)∧ |



Syntax
QBF ::=

5

<Propositional Variable>
<QBF>¬

|
| (<QBF>  <QBF>)∨ |

( <Propositional Variable><QBF>)∃ |
(<QBF>  <QBF>)∧ |



Syntax
QBF ::=

5

<Propositional Variable>
<QBF>¬

|
| (<QBF>  <QBF>)∨ |

( <Propositional Variable><QBF>)∃ |
( <Propositional Variable><QBF>)∀

(<QBF>  <QBF>)∧ |



Syntax
QBF ::=

5

<Propositional Variable>
<QBF>¬

|
| (<QBF>  <QBF>)∨ |

( <Propositional Variable><QBF>)∃ |
( <Propositional Variable><QBF>)∀

(<QBF>  <QBF>)∧ |

(∀x((∃y¬(y ∧ z)) ∧ (∃u x ∧ ¬u)))



Syntax
QBF ::=

5

<Propositional Variable>
<QBF>¬

|
| (<QBF>  <QBF>)∨ |

( <Propositional Variable><QBF>)∃ |
( <Propositional Variable><QBF>)∀

(<QBF>  <QBF>)∧ |

(∀x((∃y¬(y ∧ z)) ∧ (∃u x ∧ ¬u)))

∀x∀y∃z(z ∨ ¬(x ∧ y)) ∧ (¬z ∨ (x ∧ y))



Semantics

6



Semantics

6

∀xΦ



Semantics

6

∀xΦ ≡



Semantics

6

∀xΦ Φ[x ← ⊥ ] ∧ Φ[x ← ⊤ ]≡



Semantics

6

∀xΦ Φ[x ← ⊥ ] ∧ Φ[x ← ⊤ ]

Substitute  for every free 
occurrence of .

⊤
x

≡



Semantics

6

∀xΦ Φ[x ← ⊥ ] ∧ Φ[x ← ⊤ ]

Substitute  for every free 
occurrence of .

⊤
x

∃xΦ
≡



Semantics

6

∀xΦ Φ[x ← ⊥ ] ∧ Φ[x ← ⊤ ]

Substitute  for every free 
occurrence of .

⊤
x

∃xΦ
≡

≡



Semantics

6

∀xΦ Φ[x ← ⊥ ] ∧ Φ[x ← ⊤ ]

Substitute  for every free 
occurrence of .

⊤
x

∃xΦ Φ[x ← ⊥ ] ∨ Φ[x ← ⊤ ]
≡

≡



Semantics

6

∀xΦ Φ[x ← ⊥ ] ∧ Φ[x ← ⊤ ]

Substitute  for every free 
occurrence of .

⊤
x

∃xΦ Φ[x ← ⊥ ] ∨ Φ[x ← ⊤ ]
≡

≡

(∀x((∃y¬(y ∧ z)) ∧ (∃u x ∧ ¬u)))



Semantics

6

∀xΦ Φ[x ← ⊥ ] ∧ Φ[x ← ⊤ ]

Substitute  for every free 
occurrence of .

⊤
x

∃xΦ Φ[x ← ⊥ ] ∨ Φ[x ← ⊤ ]
≡

≡

(∀x((∃y¬(y ∧ z)) ∧ (∃u x ∧ ¬u)))



Semantics

6

∀xΦ Φ[x ← ⊥ ] ∧ Φ[x ← ⊤ ]

Substitute  for every free 
occurrence of .

⊤
x

∃xΦ Φ[x ← ⊥ ] ∨ Φ[x ← ⊤ ]
≡

≡

(∀x((∃y¬(y ∧ z)) ∧ (∃u x ∧ ¬u)))

(∀x((¬( ⊥ ∧ z) ∨ (¬ ⊤ ∧ z)) ∧ (∃u x ∧ ¬u)))

≡



Semantics

6

∀xΦ Φ[x ← ⊥ ] ∧ Φ[x ← ⊤ ]

Substitute  for every free 
occurrence of .

⊤
x

∃xΦ Φ[x ← ⊥ ] ∨ Φ[x ← ⊤ ]
≡

≡

(∀x((∃y¬(y ∧ z)) ∧ (∃u x ∧ ¬u)))

(∀x((¬( ⊥ ∧ z) ∨ (¬ ⊤ ∧ z)) ∧ (∃u x ∧ ¬u)))

≡



Semantics

6

∀xΦ Φ[x ← ⊥ ] ∧ Φ[x ← ⊤ ]

Substitute  for every free 
occurrence of .

⊤
x

∃xΦ Φ[x ← ⊥ ] ∨ Φ[x ← ⊤ ]
≡

≡

(∀x((∃y¬(y ∧ z)) ∧ (∃u x ∧ ¬u)))

(∀x((¬( ⊥ ∧ z) ∨ (¬ ⊤ ∧ z)) ∧ (∃u x ∧ ¬u)))

(∀x⊤ ∧ (∃u x ∧ ¬u)))

≡
≡



Semantics

6

∀xΦ Φ[x ← ⊥ ] ∧ Φ[x ← ⊤ ]

Substitute  for every free 
occurrence of .

⊤
x

∃xΦ Φ[x ← ⊥ ] ∨ Φ[x ← ⊤ ]
≡

≡

(∀x((∃y¬(y ∧ z)) ∧ (∃u x ∧ ¬u)))

(∀x((¬( ⊥ ∧ z) ∨ (¬ ⊤ ∧ z)) ∧ (∃u x ∧ ¬u)))

(∀x⊤ ∧ (∃u x ∧ ¬u)))

≡
≡



Semantics

6

∀xΦ Φ[x ← ⊥ ] ∧ Φ[x ← ⊤ ]

Substitute  for every free 
occurrence of .

⊤
x

∃xΦ Φ[x ← ⊥ ] ∨ Φ[x ← ⊤ ]
≡

≡

(∀x((∃y¬(y ∧ z)) ∧ (∃u x ∧ ¬u)))

(∀x((¬( ⊥ ∧ z) ∨ (¬ ⊤ ∧ z)) ∧ (∃u x ∧ ¬u)))

(∀x⊤ ∧ (∃u x ∧ ¬u)))

(∀x((x ∧ ¬ ⊤ ) ∨ (x ∧ ¬ ⊥ )))

≡
≡

≡



Semantics

6

∀xΦ Φ[x ← ⊥ ] ∧ Φ[x ← ⊤ ]

Substitute  for every free 
occurrence of .

⊤
x

∃xΦ Φ[x ← ⊥ ] ∨ Φ[x ← ⊤ ]
≡

≡

(∀x((∃y¬(y ∧ z)) ∧ (∃u x ∧ ¬u)))

(∀x((¬( ⊥ ∧ z) ∨ (¬ ⊤ ∧ z)) ∧ (∃u x ∧ ¬u)))

(∀x⊤ ∧ (∃u x ∧ ¬u)))

(∀x((x ∧ ¬ ⊤ ) ∨ (x ∧ ¬ ⊥ )))

≡
≡

≡



Semantics

6

∀xΦ Φ[x ← ⊥ ] ∧ Φ[x ← ⊤ ]

Substitute  for every free 
occurrence of .

⊤
x

∃xΦ Φ[x ← ⊥ ] ∨ Φ[x ← ⊤ ]
≡

≡

(∀x((∃y¬(y ∧ z)) ∧ (∃u x ∧ ¬u)))

(∀x((¬( ⊥ ∧ z) ∨ (¬ ⊤ ∧ z)) ∧ (∃u x ∧ ¬u)))

(∀x⊤ ∧ (∃u x ∧ ¬u)))

(∀x((x ∧ ¬ ⊤ ) ∨ (x ∧ ¬ ⊥ )))

(∀x x)

≡
≡

≡
≡



Semantics

6

∀xΦ Φ[x ← ⊥ ] ∧ Φ[x ← ⊤ ]

Substitute  for every free 
occurrence of .

⊤
x

∃xΦ Φ[x ← ⊥ ] ∨ Φ[x ← ⊤ ]
≡

≡

(∀x((∃y¬(y ∧ z)) ∧ (∃u x ∧ ¬u)))

(∀x((¬( ⊥ ∧ z) ∨ (¬ ⊤ ∧ z)) ∧ (∃u x ∧ ¬u)))

(∀x⊤ ∧ (∃u x ∧ ¬u)))

(∀x((x ∧ ¬ ⊤ ) ∨ (x ∧ ¬ ⊥ )))

(∀x x)

≡
≡

≡
≡



Semantics

6

∀xΦ Φ[x ← ⊥ ] ∧ Φ[x ← ⊤ ]

Substitute  for every free 
occurrence of .

⊤
x

∃xΦ Φ[x ← ⊥ ] ∨ Φ[x ← ⊤ ]
≡

≡

(∀x((∃y¬(y ∧ z)) ∧ (∃u x ∧ ¬u)))

(∀x((¬( ⊥ ∧ z) ∨ (¬ ⊤ ∧ z)) ∧ (∃u x ∧ ¬u)))

(∀x⊤ ∧ (∃u x ∧ ¬u)))

(∀x((x ∧ ¬ ⊤ ) ∨ (x ∧ ¬ ⊥ )))

(∀x x)

⊥

≡
≡

≡
≡

≡



Prenex Normal Form (PNF)

7



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn φ



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn φ

(∃xΦ) ∘ Ψ



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn φ

(∃xΦ) ∘ Ψ
 ∘ ∈ { ∧ , ∨ }



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn φ

(∃xΦ) ∘ Ψ
 ∘ ∈ { ∧ , ∨ }



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn φ

(∃xΦ) ∘ Ψ (∃xΦ ∘ Ψ)
 ∘ ∈ { ∧ , ∨ }



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn φ

(∃xΦ) ∘ Ψ (∃xΦ ∘ Ψ) *
 ∘ ∈ { ∧ , ∨ }



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn φ

(∃xΦ) ∘ Ψ (∃xΦ ∘ Ψ) *

*Variable  must not occur free in  (rename if necessary).x Ψ

 ∘ ∈ { ∧ , ∨ }



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn φ

(∃xΦ) ∘ Ψ (∃xΦ ∘ Ψ)

(∀xΦ) ∘ Ψ

*

*Variable  must not occur free in  (rename if necessary).x Ψ

 ∘ ∈ { ∧ , ∨ }



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn φ

(∃xΦ) ∘ Ψ (∃xΦ ∘ Ψ)

(∀xΦ) ∘ Ψ

*

*Variable  must not occur free in  (rename if necessary).x Ψ

 ∘ ∈ { ∧ , ∨ }



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn φ

(∃xΦ) ∘ Ψ (∃xΦ ∘ Ψ)

(∀xΦ) ∘ Ψ (∀xΦ ∘ Ψ)

*

*Variable  must not occur free in  (rename if necessary).x Ψ

 ∘ ∈ { ∧ , ∨ }



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn φ

(∃xΦ) ∘ Ψ (∃xΦ ∘ Ψ)

(∀xΦ) ∘ Ψ (∀xΦ ∘ Ψ)

*

*

*Variable  must not occur free in  (rename if necessary).x Ψ

 ∘ ∈ { ∧ , ∨ }



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn φ

(∃xΦ) ∘ Ψ (∃xΦ ∘ Ψ)

(∀xΦ) ∘ Ψ (∀xΦ ∘ Ψ)

*

*

*Variable  must not occur free in  (rename if necessary).x Ψ

 ∘ ∈ { ∧ , ∨ }

¬(∀xΦ)



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn φ

(∃xΦ) ∘ Ψ (∃xΦ ∘ Ψ)

(∀xΦ) ∘ Ψ (∀xΦ ∘ Ψ)

*

*

*Variable  must not occur free in  (rename if necessary).x Ψ

 ∘ ∈ { ∧ , ∨ }

¬(∀xΦ)



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn φ

(∃xΦ) ∘ Ψ (∃xΦ ∘ Ψ)

(∀xΦ) ∘ Ψ (∀xΦ ∘ Ψ)

*

*

*Variable  must not occur free in  (rename if necessary).x Ψ

 ∘ ∈ { ∧ , ∨ }

¬(∀xΦ) ∃xΦ



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn φ

(∃xΦ) ∘ Ψ (∃xΦ ∘ Ψ)

(∀xΦ) ∘ Ψ (∀xΦ ∘ Ψ)

*

*

*Variable  must not occur free in  (rename if necessary).x Ψ

 ∘ ∈ { ∧ , ∨ }

¬(∀xΦ) ∃xΦ
¬(∃xΦ)



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn φ

(∃xΦ) ∘ Ψ (∃xΦ ∘ Ψ)

(∀xΦ) ∘ Ψ (∀xΦ ∘ Ψ)

*

*

*Variable  must not occur free in  (rename if necessary).x Ψ

 ∘ ∈ { ∧ , ∨ }

¬(∀xΦ) ∃xΦ
¬(∃xΦ)



Prenex Normal Form (PNF)

7

Q1x1Q2x2…Qnxn φ

(∃xΦ) ∘ Ψ (∃xΦ ∘ Ψ)

(∀xΦ) ∘ Ψ (∀xΦ ∘ Ψ)

*

*

*Variable  must not occur free in  (rename if necessary).x Ψ

 ∘ ∈ { ∧ , ∨ }

¬(∀xΦ) ∃xΦ
¬(∃xΦ) ∀xΦ



A Simple Recursive Algorithm
Q1x1Q2x2…Qnxn φ



A Simple Recursive Algorithm
Q1x1Q2x2…Qnxn φ

var(φ) = {x1, …, xn}



A Simple Recursive Algorithm
Q1x1Q2x2…Qnxn φ

def evaluate( , ):Q φ

var(φ) = {x1, …, xn}



A Simple Recursive Algorithm
Q1x1Q2x2…Qnxn φ

def evaluate( , ):Q φ
  if  == []:Q

var(φ) = {x1, …, xn}



A Simple Recursive Algorithm
Q1x1Q2x2…Qnxn φ

def evaluate( , ):Q φ
  if  == []:Q
    return simplify( )φ

var(φ) = {x1, …, xn}



A Simple Recursive Algorithm
Q1x1Q2x2…Qnxn φ

def evaluate( , ):Q φ
  if  == []:Q
    return simplify( )φ
  elif  == :Q1 ∃

var(φ) = {x1, …, xn}



A Simple Recursive Algorithm
Q1x1Q2x2…Qnxn φ

def evaluate( , ):Q φ
  if  == []:Q
    return simplify( )φ
  elif  == :Q1 ∃
    return evaluate( [1:], ) or evaluate( [1:], )Q φ[x1 ← ⊤ ] Q φ[x1 ← ⊥ ]

var(φ) = {x1, …, xn}



A Simple Recursive Algorithm
Q1x1Q2x2…Qnxn φ

def evaluate( , ):Q φ
  if  == []:Q
    return simplify( )φ
  elif  == :Q1 ∃
    return evaluate( [1:], ) or evaluate( [1:], )Q φ[x1 ← ⊤ ] Q φ[x1 ← ⊥ ]
  else:

var(φ) = {x1, …, xn}



A Simple Recursive Algorithm
Q1x1Q2x2…Qnxn φ

def evaluate( , ):Q φ
  if  == []:Q
    return simplify( )φ
  elif  == :Q1 ∃
    return evaluate( [1:], ) or evaluate( [1:], )Q φ[x1 ← ⊤ ] Q φ[x1 ← ⊥ ]
  else:
    return evaluate( [1:], ) and evaluate( [1:], )Q φ[x1 ← ⊤ ] Q φ[x1 ← ⊥ ]

var(φ) = {x1, …, xn}



A Simple Recursive Algorithm
Q1x1Q2x2…Qnxn φ

def evaluate( , ):Q φ
  if  == []:Q
    return simplify( )φ
  elif  == :Q1 ∃
    return evaluate( [1:], ) or evaluate( [1:], )Q φ[x1 ← ⊤ ] Q φ[x1 ← ⊥ ]
  else:
    return evaluate( [1:], ) and evaluate( [1:], )Q φ[x1 ← ⊤ ] Q φ[x1 ← ⊥ ]

var(φ) = {x1, …, xn}

QSAT is in PSPACE



QBF Game Semantics

∀U1 ∃E1 ∀U2 ∃E2…∀Un ∃En . φ



QBF Game Semantics

∃
∀U1 ∃E1 ∀U2 ∃E2…∀Un ∃En . φ



QBF Game Semantics

∃

∀

∀U1 ∃E1 ∀U2 ∃E2…∀Un ∃En . φ



QBF Game Semantics

∃

∀

∀U1 ∃E1 ∀U2 ∃E2…∀Un ∃En . φ

U1 = τ1



QBF Game Semantics

∃

∀

∀U1 ∃E1 ∀U2 ∃E2…∀Un ∃En . φ

U1 = τ1

E1 = σ1



QBF Game Semantics

∃

∀

∀U1 ∃E1 ∀U2 ∃E2…∀Un ∃En . φ

U1 = τ1 U2 = τ2

E1 = σ1



QBF Game Semantics

∃

∀

∀U1 ∃E1 ∀U2 ∃E2…∀Un ∃En . φ

U1 = τ1 U2 = τ2

E1 = σ1 E2 = σ2



QBF Game Semantics

∃

∀

∀U1 ∃E1 ∀U2 ∃E2…∀Un ∃En . φ

U1 = τ1 U2 = τ2

E1 = σ1 E2 = σ2

Un = τn



QBF Game Semantics

∃

∀

∀U1 ∃E1 ∀U2 ∃E2…∀Un ∃En . φ

U1 = τ1 U2 = τ2

E1 = σ1 E2 = σ2 En = σn

Un = τn



QBF Game Semantics

 satisfied?φ
∃

∀

∀U1 ∃E1 ∀U2 ∃E2…∀Un ∃En . φ

U1 = τ1 U2 = τ2

E1 = σ1 E2 = σ2 En = σn

Un = τn



QBF Game Semantics

 wins∃
 satisfied?φ

∃

∀

∀U1 ∃E1 ∀U2 ∃E2…∀Un ∃En . φ

U1 = τ1 U2 = τ2

E1 = σ1 E2 = σ2 En = σn

Un = τn



QBF Game Semantics

 wins∃

QBF is true

 satisfied?φ
∃

∀

∀U1 ∃E1 ∀U2 ∃E2…∀Un ∃En . φ

U1 = τ1 U2 = τ2

E1 = σ1 E2 = σ2 En = σn

Un = τn



QBF Game Semantics

 wins∃

QBF is true

 satisfied?φ
∃

∀

∀U1 ∃E1 ∀U2 ∃E2…∀Un ∃En . φ

U1 = τ1 U2 = τ2

E1 = σ1 E2 = σ2 En = σn

Un = τn



QBF Game Semantics

 wins∃

QBF is true

 satisfied?φ

 has a winning strategy∃

∃

∀

∀U1 ∃E1 ∀U2 ∃E2…∀Un ∃En . φ

U1 = τ1 U2 = τ2

E1 = σ1 E2 = σ2 En = σn

Un = τn



QBF Game Semantics

 wins∃

QBF is true

 satisfied?φ

QBF is false

 has a winning strategy∃

∃

∀

∀U1 ∃E1 ∀U2 ∃E2…∀Un ∃En . φ

U1 = τ1 U2 = τ2

E1 = σ1 E2 = σ2 En = σn

Un = τn



QBF Game Semantics

 wins∃

QBF is true

 satisfied?φ

QBF is false

 has a winning strategy∃

 has a winning strategy∀

∃

∀

∀U1 ∃E1 ∀U2 ∃E2…∀Un ∃En . φ

U1 = τ1 U2 = τ2

E1 = σ1 E2 = σ2 En = σn

Un = τn



Complexity of QBF Evaluation



Complexity of QBF Evaluation
0 1 0 1



Complexity of QBF Evaluation
0 1 0 1

s



Complexity of QBF Evaluation
0 1 0 1

s

p(n)



Complexity of QBF Evaluation
0 1 0 1

s

p(n)

X



Complexity of QBF Evaluation
0 1 0 1

0 1 0 0

s

t

p(n)

X



Complexity of QBF Evaluation
0 1 0 1

0 1 0 0

s

t

p(n)

X

Y



Complexity of QBF Evaluation
0 1 0 1

0 1 0 0

s

t

p(n)

X

Y



Complexity of QBF Evaluation
0 1 0 1

0 1 0 0

s

t

p(n)

X

transition(X, Y)

Y



Complexity of QBF Evaluation
0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y



Complexity of QBF Evaluation
0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

:=



Complexity of QBF Evaluation
0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y:=



Complexity of QBF Evaluation
0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y ∨:=



Complexity of QBF Evaluation
0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=



Complexity of QBF Evaluation

reach≤2n(X, Y)

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=



Complexity of QBF Evaluation

reach≤2n(X, Y)

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:=



Complexity of QBF Evaluation

reach≤2n(X, Y)

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z



Complexity of QBF Evaluation

reach≤n(X, Z)reach≤2n(X, Y)

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z



Complexity of QBF Evaluation

reach≤n(X, Z)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z



Complexity of QBF Evaluation

reach≤n(X, Z) reach≤n(Z, Y)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z



Complexity of QBF Evaluation

reach≤n(X, Z) reach≤n(Z, Y)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z

reach≤2n(X, Y)



Complexity of QBF Evaluation

reach≤n(X, Z) reach≤n(Z, Y)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z

reach≤2n(X, Y) ≡



Complexity of QBF Evaluation

reach≤n(X, Z) reach≤n(Z, Y)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z

reach≤2n(X, Y) ≡ ∃Z



Complexity of QBF Evaluation

reach≤n(X, Z) reach≤n(Z, Y)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z

reach≤2n(X, Y) ≡ ∃Z ∀A, B



Complexity of QBF Evaluation

reach≤n(X, Z) reach≤n(Z, Y)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z

reach≤2n(X, Y) ≡ ∃Z ∀A, B (A ↔ X ∧ B ↔ Z)



Complexity of QBF Evaluation

reach≤n(X, Z) reach≤n(Z, Y)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z

reach≤2n(X, Y) ≡ ∃Z ∀A, B (A ↔ X ∧ B ↔ Z) ∨



Complexity of QBF Evaluation

reach≤n(X, Z) reach≤n(Z, Y)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z

reach≤2n(X, Y) ≡ ∃Z ∀A, B (A ↔ X ∧ B ↔ Z) (A ↔ Z ∧ B ↔ Y)∨



Complexity of QBF Evaluation

reach≤n(X, Z) reach≤n(Z, Y)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z

reach≤2n(X, Y) ≡ ∃Z ∀A, B (A ↔ X ∧ B ↔ Z) (A ↔ Z ∧ B ↔ Y)∨ →



Complexity of QBF Evaluation

reach≤n(X, Z) reach≤n(Z, Y)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z

reach≤2n(X, Y) ≡ ∃Z ∀A, B (A ↔ X ∧ B ↔ Z) (A ↔ Z ∧ B ↔ Y)∨ → reach≤n(A, B)



Complexity of QBF Evaluation

reach≤n(X, Z) reach≤n(Z, Y)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z

reach≤2n(X, Y) ≡ ∃Z ∀A, B (A ↔ X ∧ B ↔ Z) (A ↔ Z ∧ B ↔ Y)∨ → reach≤n(A, B)

∃X∃Y



Complexity of QBF Evaluation

reach≤n(X, Z) reach≤n(Z, Y)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z

reach≤2n(X, Y) ≡ ∃Z ∀A, B (A ↔ X ∧ B ↔ Z) (A ↔ Z ∧ B ↔ Y)∨ → reach≤n(A, B)

initial(X)∃X∃Y



Complexity of QBF Evaluation

reach≤n(X, Z) reach≤n(Z, Y)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z

reach≤2n(X, Y) ≡ ∃Z ∀A, B (A ↔ X ∧ B ↔ Z) (A ↔ Z ∧ B ↔ Y)∨ → reach≤n(A, B)

initial(X) ∧∃X∃Y



Complexity of QBF Evaluation

reach≤n(X, Z) reach≤n(Z, Y)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z

reach≤2n(X, Y) ≡ ∃Z ∀A, B (A ↔ X ∧ B ↔ Z) (A ↔ Z ∧ B ↔ Y)∨ → reach≤n(A, B)

initial(X) accepting(Y)∧∃X∃Y



Complexity of QBF Evaluation

reach≤n(X, Z) reach≤n(Z, Y)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z

reach≤2n(X, Y) ≡ ∃Z ∀A, B (A ↔ X ∧ B ↔ Z) (A ↔ Z ∧ B ↔ Y)∨ → reach≤n(A, B)

initial(X) accepting(Y)∧ ∧∃X∃Y



Complexity of QBF Evaluation

reach≤n(X, Z) reach≤n(Z, Y)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z

reach≤2n(X, Y) ≡ ∃Z ∀A, B (A ↔ X ∧ B ↔ Z) (A ↔ Z ∧ B ↔ Y)∨ → reach≤n(A, B)

initial(X) accepting(Y) reach≤2|X|(X, Y)∧ ∧∃X∃Y



Complexity of QBF Evaluation

reach≤n(X, Z) reach≤n(Z, Y)reach≤2n(X, Y) ∧

0 1 0 1

0 1 0 0

reach≤1(X, Y)

s

t

p(n)

X

transition(X, Y)

Y

X ↔ Y transition(X, Y)∨:=

:= ∃Z

reach≤2n(X, Y) ≡ ∃Z ∀A, B (A ↔ X ∧ B ↔ Z) (A ↔ Z ∧ B ↔ Y)∨ → reach≤n(A, B)

initial(X) accepting(Y) reach≤2|X|(X, Y)∧ ∧ QSAT is PSPACE-hard∃X∃Y



Algorithms



Prenex Conjunctive Normal Form



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y

z



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y

z

(x ∨ ¬z)



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y

z

(x ∨ ¬z) ∧



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y

z

(x ∨ ¬z) (y ∨ ¬z)∧



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y

z

(x ∨ ¬z) (y ∨ ¬z)∧ ∧



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y
∨

x y

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y
∨

x y

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧

z



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y
∨

x y

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧

z

(¬x ∨ z)



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y
∨

x y

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧

z

(¬x ∨ z) ∧



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y
∨

x y

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧

z

(¬x ∨ z) (¬y ∨ z)∧



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y
∨

x y

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧

z

(¬x ∨ z) (¬y ∨ z)∧ ∧



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y
∨

x y

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧

z

(¬x ∨ z) (¬y ∨ z)
(x ∨ y ∨ ¬z)

∧ ∧



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y
∨

x y

¬

x

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧

z

(¬x ∨ z) (¬y ∨ z)
(x ∨ y ∨ ¬z)

∧ ∧



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y
∨

x y

¬

x

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧

z

(¬x ∨ z) (¬y ∨ z)
(x ∨ y ∨ ¬z)

∧ ∧

z



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y
∨

x y

¬

x

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧

z

(¬x ∨ z) (¬y ∨ z)
(x ∨ y ∨ ¬z)

∧ ∧

z

(x ∨ z)



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y
∨

x y

¬

x

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧

z

(¬x ∨ z) (¬y ∨ z)
(x ∨ y ∨ ¬z)

∧ ∧

z

(x ∨ z) ∧



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y
∨

x y

¬

x

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧

z

(¬x ∨ z) (¬y ∨ z)
(x ∨ y ∨ ¬z)

∧ ∧

z

(x ∨ z) (¬x ∨ ¬z)∧



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y
∨

x y

¬

x

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧

z

(¬x ∨ z) (¬y ∨ z)
(x ∨ y ∨ ¬z)

∧ ∧

z

(x ∨ z) (¬x ∨ ¬z)∧

Q1x1Q2x2…Qnxn



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y
∨

x y

¬

x

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧

z

(¬x ∨ z) (¬y ∨ z)
(x ∨ y ∨ ¬z)

∧ ∧

z

(x ∨ z) (¬x ∨ ¬z)∧

Q1x1Q2x2…Qnxn ∃z1…∃zm



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y
∨

x y

¬

x

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧

z

(¬x ∨ z) (¬y ∨ z)
(x ∨ y ∨ ¬z)

∧ ∧

z

(x ∨ z) (¬x ∨ ¬z)∧

Q1x1Q2x2…Qnxn ∃z1…∃zm ψ



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y
∨

x y

¬

x

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧

z

(¬x ∨ z) (¬y ∨ z)
(x ∨ y ∨ ¬z)

∧ ∧

z

(x ∨ z) (¬x ∨ ¬z)∧

Q1x1Q2x2…Qnxn ∃z1…∃zm ψ
CNF



Prenex Conjunctive Normal Form
Q1x1Q2x2…Qnxn φ

∧

x y
∨

x y

¬

x

z

(x ∨ ¬z) (y ∨ ¬z)
(¬x ∨ ¬y ∨ z)

∧ ∧

z

(¬x ∨ z) (¬y ∨ z)
(x ∨ y ∨ ¬z)

∧ ∧

z

(x ∨ z) (¬x ∨ ¬z)∧

Q1x1Q2x2…Qnxn ∃z1…∃zm ψ
CNF

Conversion to PCNF can make solving harder!
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      decide()

(x ∨ y) ∧ (¬x ∨ y) ∧ (x ∨ ¬y) ∧ (¬x ∨ ¬y)

x d= ⊤
(¬x ∨ y)

y = ⊤
(¬x ∨ ¬y)

∅

(x)

x = ⊥
(x ∨ y)

y = ⊤
(x ∨ ¬y)

∅
(¬x)

∅

(¬x)

1



From CDCL to QCDCL
def CDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause, bt_level = analyze(conflict)
      if clause == []:
        return False
      attach(clause)
      backtrack(bt_level)
    elif allAssigned():
      return True
    else:
      decide()

(x ∨ y) ∧ (¬x ∨ y) ∧ (x ∨ ¬y) ∧ (¬x ∨ ¬y)

x d= ⊤
(¬x ∨ y)

y = ⊤
(¬x ∨ ¬y)

∅

(x)

x = ⊥
(x ∨ y)

y = ⊤
(x ∨ ¬y)

∅
(¬x)

∅

(¬x)

1
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From CDCL to QCDCL
def CDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause, bt_level = analyze(conflict)
      if clause == []:
        return False
      attach(clause)
      backtrack(bt_level)
    elif allAssigned():
      return True
    else:
      decide()

(x ∨ y) ∧ (¬x ∨ y) ∧ (x ∨ ¬y) ∧ (¬x ∨ ¬y)

x d= ⊤
(¬x ∨ y)

y = ⊤
(¬x ∨ ¬y)

∅

(x)

x = ⊥
(x ∨ y)

y = ⊤
(x ∨ ¬y)

∅
(¬x)

∅

(¬x)

1

3
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From CDCL to QCDCL
def CDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause, bt_level = analyze(conflict)
      if clause == []:
        return False
      attach(clause)
      backtrack(bt_level)
    elif allAssigned():
      return True
    else:
      decide()

(x ∨ y) ∧ (¬x ∨ y) ∧ (x ∨ ¬y) ∧ (¬x ∨ ¬y)

x d= ⊤
(¬x ∨ y)

y = ⊤
(¬x ∨ ¬y)

∅

(x)

x = ⊥
(x ∨ y)

y = ⊤
(x ∨ ¬y)

∅
(¬x)

∅

(¬x)

1

3
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def QCDCL():



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()

Propagate existential units. 
Conflict at purely universal clauses.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:

Propagate existential units. 
Conflict at purely universal clauses.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)

Propagate existential units. 
Conflict at purely universal clauses.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:

Propagate existential units. 
Conflict at purely universal clauses.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)

Propagate existential units. 
Conflict at purely universal clauses.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)

Propagate existential units. 
Conflict at purely universal clauses.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)
      backtrack(bt_level)

Propagate existential units. 
Conflict at purely universal clauses.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)
      backtrack(bt_level)

elif allAssigned():

Propagate existential units. 
Conflict at purely universal clauses.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)
      backtrack(bt_level)

elif allAssigned():
      conflict = model_generation()

Propagate existential units. 
Conflict at purely universal clauses.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)
      backtrack(bt_level)

elif allAssigned():
      conflict = model_generation()

goto conflict_analysis

Propagate existential units. 
Conflict at purely universal clauses.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)
      backtrack(bt_level)

elif allAssigned():
      conflict = model_generation()

goto conflict_analysis
    else:

Propagate existential units. 
Conflict at purely universal clauses.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)
      backtrack(bt_level)

elif allAssigned():
      conflict = model_generation()

goto conflict_analysis
    else:
      decide_variable()

Propagate existential units. 
Conflict at purely universal clauses.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)
      backtrack(bt_level)

elif allAssigned():
      conflict = model_generation()

goto conflict_analysis
    else:
      decide_variable()

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)
      backtrack(bt_level)

elif allAssigned():
      conflict = model_generation()

goto conflict_analysis
    else:
      decide_variable()

∃e1, e2 ∀u∃e3, e4

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)
      backtrack(bt_level)

elif allAssigned():
      conflict = model_generation()

goto conflict_analysis
    else:
      decide_variable()

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)
      backtrack(bt_level)

elif allAssigned():
      conflict = model_generation()

goto conflict_analysis
    else:
      decide_variable()

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

e1
d= ⊤

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)
      backtrack(bt_level)

elif allAssigned():
      conflict = model_generation()

goto conflict_analysis
    else:
      decide_variable()

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

e1
d= ⊤

(¬e1 ∨ ¬e4)

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)
      backtrack(bt_level)

elif allAssigned():
      conflict = model_generation()

goto conflict_analysis
    else:
      decide_variable()

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

e1
d= ⊤

(¬e1 ∨ ¬e4)

e4 = ⊥

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)
      backtrack(bt_level)

elif allAssigned():
      conflict = model_generation()

goto conflict_analysis
    else:
      decide_variable()

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

e1
d= ⊤

(¬e1 ∨ ¬e4)

e4 = ⊥

(u ∨ e4)

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)
      backtrack(bt_level)

elif allAssigned():
      conflict = model_generation()

goto conflict_analysis
    else:
      decide_variable()

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

e1
d= ⊤

(¬e1 ∨ ¬e4)

e4 = ⊥

(u ∨ e4)

Q-Resolution

C1 ∨ x ¬x ∨ C2

C1 ∨ C2

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)
      backtrack(bt_level)

elif allAssigned():
      conflict = model_generation()

goto conflict_analysis
    else:
      decide_variable()

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

e1
d= ⊤

(¬e1 ∨ ¬e4)

e4 = ⊥

(u ∨ e4)

Q-Resolution

C1 ∨ x ¬x ∨ C2

C1 ∨ C2

C ∨ u

C

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)
      backtrack(bt_level)

elif allAssigned():
      conflict = model_generation()

goto conflict_analysis
    else:
      decide_variable()

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

e1
d= ⊤

(¬e1 ∨ ¬e4)

e4 = ⊥

(u ∨ e4)

(¬e1 ∨ u)

Q-Resolution

C1 ∨ x ¬x ∨ C2

C1 ∨ C2

C ∨ u

C

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation
def QCDCL():
  while True:
    conflict = propagate()
    if conflict is not None:
      clause_term, bt_level = analyze(conflict)
      if clause_term == []:
        return is_term(clause_term)
      attach(clause_term)
      backtrack(bt_level)

elif allAssigned():
      conflict = model_generation()

goto conflict_analysis
    else:
      decide_variable()

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

e1
d= ⊤

(¬e1 ∨ ¬e4)

e4 = ⊥

(u ∨ e4)

(¬e1 ∨ u)

(¬e1)Q-Resolution

C1 ∨ x ¬x ∨ C2

C1 ∨ C2

C ∨ u

C

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

Q-Resolution

C1 ∨ x ¬x ∨ C2

C1 ∨ C2

C ∨ u

C

def QCDCL(): 
  while True: 
    conflict = propagate() 
    if conflict is not None: 
      clause_term, bt_level = analyze(conflict) 
      if clause_term == []: 
        return is_term(clause_term) 
      attach(clause_term) 
      backtrack(bt_level) 

elif allAssigned(): 
      conflict = model_generation() 

goto conflict_analysis 
    else: 
      decide_variable() 

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

(¬e1)

Q-Resolution

C1 ∨ x ¬x ∨ C2

C1 ∨ C2

C ∨ u

C

def QCDCL(): 
  while True: 
    conflict = propagate() 
    if conflict is not None: 
      clause_term, bt_level = analyze(conflict) 
      if clause_term == []: 
        return is_term(clause_term) 
      attach(clause_term) 
      backtrack(bt_level) 

elif allAssigned(): 
      conflict = model_generation() 

goto conflict_analysis 
    else: 
      decide_variable() 

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

e1 = ⊥
(¬e1)

Q-Resolution

C1 ∨ x ¬x ∨ C2

C1 ∨ C2

C ∨ u

C

def QCDCL(): 
  while True: 
    conflict = propagate() 
    if conflict is not None: 
      clause_term, bt_level = analyze(conflict) 
      if clause_term == []: 
        return is_term(clause_term) 
      attach(clause_term) 
      backtrack(bt_level) 

elif allAssigned(): 
      conflict = model_generation() 

goto conflict_analysis 
    else: 
      decide_variable() 

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

e1 = ⊥
(¬e1) (e1 ∨ ¬e3)

Q-Resolution

C1 ∨ x ¬x ∨ C2

C1 ∨ C2

C ∨ u

C

def QCDCL(): 
  while True: 
    conflict = propagate() 
    if conflict is not None: 
      clause_term, bt_level = analyze(conflict) 
      if clause_term == []: 
        return is_term(clause_term) 
      attach(clause_term) 
      backtrack(bt_level) 

elif allAssigned(): 
      conflict = model_generation() 

goto conflict_analysis 
    else: 
      decide_variable() 

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

e1 = ⊥
(¬e1) (e1 ∨ ¬e3)

e3 = ⊥

Q-Resolution

C1 ∨ x ¬x ∨ C2

C1 ∨ C2

C ∨ u

C

def QCDCL(): 
  while True: 
    conflict = propagate() 
    if conflict is not None: 
      clause_term, bt_level = analyze(conflict) 
      if clause_term == []: 
        return is_term(clause_term) 
      attach(clause_term) 
      backtrack(bt_level) 

elif allAssigned(): 
      conflict = model_generation() 

goto conflict_analysis 
    else: 
      decide_variable() 

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

e1 = ⊥
(¬e1) (e1 ∨ ¬e3)

e3 = ⊥
(e2 ∨ e3)

Q-Resolution

C1 ∨ x ¬x ∨ C2

C1 ∨ C2

C ∨ u

C

def QCDCL(): 
  while True: 
    conflict = propagate() 
    if conflict is not None: 
      clause_term, bt_level = analyze(conflict) 
      if clause_term == []: 
        return is_term(clause_term) 
      attach(clause_term) 
      backtrack(bt_level) 

elif allAssigned(): 
      conflict = model_generation() 

goto conflict_analysis 
    else: 
      decide_variable() 

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

e1 = ⊥
(¬e1) (e1 ∨ ¬e3)

e3 = ⊥
(e2 ∨ e3)

e2 = ⊤

Q-Resolution

C1 ∨ x ¬x ∨ C2

C1 ∨ C2

C ∨ u

C

def QCDCL(): 
  while True: 
    conflict = propagate() 
    if conflict is not None: 
      clause_term, bt_level = analyze(conflict) 
      if clause_term == []: 
        return is_term(clause_term) 
      attach(clause_term) 
      backtrack(bt_level) 

elif allAssigned(): 
      conflict = model_generation() 

goto conflict_analysis 
    else: 
      decide_variable() 

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

e1 = ⊥
(¬e1) (e1 ∨ ¬e3)

e3 = ⊥
(e2 ∨ e3)

e2 = ⊤
(¬e2 ∨ ¬u ∨ e3)

Q-Resolution

C1 ∨ x ¬x ∨ C2

C1 ∨ C2

C ∨ u

C

def QCDCL(): 
  while True: 
    conflict = propagate() 
    if conflict is not None: 
      clause_term, bt_level = analyze(conflict) 
      if clause_term == []: 
        return is_term(clause_term) 
      attach(clause_term) 
      backtrack(bt_level) 

elif allAssigned(): 
      conflict = model_generation() 

goto conflict_analysis 
    else: 
      decide_variable() 

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

e1 = ⊥
(¬e1) (e1 ∨ ¬e3)

e3 = ⊥
(e2 ∨ e3)

e2 = ⊤
(¬e2 ∨ ¬u ∨ e3)

(¬u ∨ e3)

Q-Resolution

C1 ∨ x ¬x ∨ C2

C1 ∨ C2

C ∨ u

C

def QCDCL(): 
  while True: 
    conflict = propagate() 
    if conflict is not None: 
      clause_term, bt_level = analyze(conflict) 
      if clause_term == []: 
        return is_term(clause_term) 
      attach(clause_term) 
      backtrack(bt_level) 

elif allAssigned(): 
      conflict = model_generation() 

goto conflict_analysis 
    else: 
      decide_variable() 

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

e1 = ⊥
(¬e1) (e1 ∨ ¬e3)

e3 = ⊥
(e2 ∨ e3)

e2 = ⊤
(¬e2 ∨ ¬u ∨ e3)

(¬u ∨ e3)

(e1 ∨ ¬u)Q-Resolution

C1 ∨ x ¬x ∨ C2

C1 ∨ C2

C ∨ u

C

def QCDCL(): 
  while True: 
    conflict = propagate() 
    if conflict is not None: 
      clause_term, bt_level = analyze(conflict) 
      if clause_term == []: 
        return is_term(clause_term) 
      attach(clause_term) 
      backtrack(bt_level) 

elif allAssigned(): 
      conflict = model_generation() 

goto conflict_analysis 
    else: 
      decide_variable() 
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      clause_term, bt_level = analyze(conflict) 
      if clause_term == []: 
        return is_term(clause_term) 
      attach(clause_term) 
      backtrack(bt_level) 

elif allAssigned(): 
      conflict = model_generation() 

goto conflict_analysis 
    else: 
      decide_variable() 

Propagate existential units. 
Conflict at purely universal clauses.

Pick a variable from the leftmost 
block with unassigned variables.



QCDCL with Propositional Unit Propagation

(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

e1 = ⊥
(¬e1) (e1 ∨ ¬e3)

e3 = ⊥
(e2 ∨ e3)

e2 = ⊤
(¬e2 ∨ ¬u ∨ e3)

(¬u ∨ e3)

(e1 ∨ ¬u)

(e1)

∅

Q-Resolution

C1 ∨ x ¬x ∨ C2

C1 ∨ C2

C ∨ u

C

def QCDCL(): 
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      if clause_term == []: 
        return is_term(clause_term) 
      attach(clause_term) 
      backtrack(bt_level) 

elif allAssigned(): 
      conflict = model_generation() 

goto conflict_analysis 
    else: 
      decide_variable() 

Propagate existential units. 
Conflict at purely universal clauses.
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      backtrack(bt_level) 
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      backtrack(bt_level) 
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    conflict = propagate() 
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  while True: 
    conflict = propagate() 
    if conflict is not None: 
      clause_term, bt_level = analyze(conflict) 
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      backtrack(bt_level) 
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  while True: 
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        return is_term(clause_term) 
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  while True: 
    conflict = propagate() 
    if conflict is not None: 
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Quantified CDCL
(e1 ∨ ¬e3) ∧ (¬e1 ∨ ¬e4) ∧ (u ∨ e4) ∧

∃e1, e2 ∀u∃e3, e4

(e2 ∨ e3) ∧ (¬e2 ∨ ¬u ∨ e3)

def QCDCL(): 
  while True: 
    conflict = propagate() 
    if conflict is not None: 
      clause_term, bt_level = analyze(conflict) 
      if clause_term == []: 
        return is_term(clause_term) 
      attach(clause_term) 
      backtrack(bt_level) 

elif allAssigned(): 
      conflict = model_generation() 

goto conflict_analysis 
    else: 
      decide_variable() 
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More Flavors of QCDCL
Zhang, Malik 2002
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Propagate all units (including universals).

QU-Resolution Lonsing, Egly, Van Gelder 2013

TODO switch between propagation and reduction of universal variables 



Challenges for QCDCL



Challenges for QCDCL
QCDCL often gets stuck learning long terms



Challenges for QCDCL
QCDCL often gets stuck learning long terms
generate terms in a smarter way



Challenges for QCDCL
QCDCL often gets stuck learning long terms
generate terms in a smarter way
lift inprocessing to QCDCL



Challenges for QCDCL
QCDCL often gets stuck learning long terms
generate terms in a smarter way
lift inprocessing to QCDCL

more freedom in decision order can be detrimental with current heuristics



Challenges for QCDCL
QCDCL often gets stuck learning long terms

design QBF-specific decision heuristics

generate terms in a smarter way
lift inprocessing to QCDCL

more freedom in decision order can be detrimental with current heuristics



3. Counterexample-Guided 
Abstraction Refinement (CEGAR)
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∀uΦ ≡ Φ[u ← ⊥ ] ∧ Φ[u ← ⊤ ]

∀U∃E φ ≡ ⋀
τ∈2U

∃E φ[τ]

⋀
τ∈2U

φ[τ][E ← Eτ]

already a small subset of clauses may be unsatisfiable

propositional
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recursive

without recursion

work on the underlying proof system Exp+Res∀
Janota, Marques-Silva 2015 Q-resolution proofs can  

be exponentially shorter
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     = S′ {C ∈ φ | σ ⊧ C}
    # Refine
     = 𝒜 𝒜 ∧ ⋁

C∈φ∖S′ 

sC

(u1 ∨ e1) ∧ (u2 ∨ e2) ∧ (u1 ∨ ¬u2 ∨ e2) ∧ (u1 ∨ u2 ∨ ¬e1 ∨ ¬e2)
∀u1 ∀u2 ∃e1 ∃e2

s1 s2 s3 s4

τ = ¬u1 ∧ u2 ∧ s1 ∧ s3 σ = e1 ∧ e2 S′ = {C1 ∧ C2 ∧ C3}

𝒜 = 𝒜 ∧ (s4)

τ = ¬u1 ∧ ¬u2 ∧ s1 ∧ s2 ∧ s4 (e1) ∧ (e2) ∧ (¬e1 ∨ ¬e2)

(¬e1)

∅

Janota, Marques-Silva 2015 Rabe, Tentrup 2015
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More on Clause Selection
can be generalized from PCNF
Janota 2018

Tentrup 2016

prenex QBF

work on the underlying proof system Red+Res∀
Tentrup 2017

Red+Res equivalent to 
level-ordered Q-resolution
∀

non-prenex QBF
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Unique Strategy Functions

∀u1, …, ∀un ∃e1, …, ∃en .
n

⋀
i=1

(ui ∨ ¬ei) ∧ (¬ui ∨ ei)

 in the unique existential winning strategy fei
:= ui

¬ui → ¬ei ui → ei

¬C1 → ¬e ¬C2 → e ¬Cm → e…  deterministic if  UNSATe
m

⋀
i=1

Ci

¬Ci → e ¬Cj → ¬e  conflicted if  SATe ¬Ci ∧ ¬Cj
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Lifting CDCL to Strategies

CDCL Incremental Determinization

trail variable assignment partial existential strategy

propagation unit clause  unique strategy function

decision literal clauses ensuring determinicity

conflict unit clauses (y) (¬y) conflicted existential variable

learning clause clause

Rabe and Seshia 2016
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Conclusion
Let a thousand solvers run, let a hundred proof systems contend.

There’s room for experimentation and tinkering with QBF solver architectures.

A “killer application” for QBF solving is still missing.

There’s much to do both in solver development and theory.


